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COMMENSURABILITY GROWTH OF BRANCH GROUPS
KHALID BOU-RABEE, RACHEL SKIPPER, AND DANIEL STUDENMUND
Abstract. Fixing a subgroup Γ in a group G, the commensurability growth
function assigns to each n the cardinality of the set of subgroups ∆ of G with
[Γ : Γ ∩ ∆][∆ : Γ ∩ ∆] = n. For pairs Γ ≤ A, where A is the automorphism
group of a p-regular tree and Γ is finitely generated, we show that this function
can take on finite, countable, or uncountable cardinals. For almost all known
branch groups Γ (the first Grigorchuk group, the twisted twin Grigorchuk
group, Pervova groups, Gupta-Sidki groups, etc.) acting on p-regular trees,
this function is precisely ℵ0 for any n = pk.
Introduction
Two subgroups ∆1 and ∆2 of a group G are commensurable if their commensu-
rability index
c(∆1,∆2) := [∆1 : ∆1 ∩∆2][∆2 : ∆1 ∩∆2]
is finite. For a pair of groups Γ ≤ G, the commensurability growth function N →
N ∪ {∞} assigns to each n ∈ N the cardinality
cn(Γ, G) := |{∆ ≤ G : c (Γ,∆) = n}|.
This function was first systematically studied in [BRS], where it was used to give
regularity results on the structure of arithmetic lattices in a unipotent algebraic
group. Here, we continue this study to pairs of groups naturally arising from
the class of finitely generated residually finite groups. This extends the study of
commensurability growth beyond the class of linear groups.
Associated to any residually finite group Γ are many rooted finite-valent trees
T where Γ ≤ Aut(T ), the automorphism group of T . Such pairs are particularly
beautiful and useful when the rooted tree is d-regular, denoted Td, and the subgroup
is branch. For instance, the first Grigorchuk group, a branch subgroup of Aut(T2),
has intermediate growth [Gri84], is commensurable with its direct product, and
is a counter-example to the Burnside Problem [dlH00]. To what extent does the
sequence {cn(Γ,Aut(Td))}∞n=1 distinguish branch subgroups of Aut(Td) among the
collection of subgroups of Aut(Td)?
A simple example of a non-branch subgroup of Aut(Td) is the embedding of Z
into Aut(T2) known as the binary adding machine. See §2 for the definition.
Proposition A. Let A be the binary adding machine subgroup of Aut(T2). Then
for every natural number k, c2k(A,Aut(T2)) = ℵ1. On the other hand, there exists
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an infinite dihedral group H ≤ Aut(T2), containing A as a subgroup of index two
such that c2(H,Aut(T2)) = 3.
Our proof of Proposition A, given in §2, uses results from [BS06]. For every
natural number n, the group A acts transitively on vertices of distance n from the
root in T2. Thus, while A in some sense fills up Aut(T2), there are many subgroups
of finite commensurability index with A.
In contrast to this behavior, our main result shows that most well-studied ex-
amples of branch groups sitting inside the Sylow pro-p subgroup of Aut(Tp), where
p is a prime, have the same commensurability growth values. These examples in-
clude the first Grigorchuk group, the twisted twin of the Grigorchuk group, the
Pervova groups, the Gupta-Sidki p-groups, the Fabrykowski-Gupta group and an
infinite family of generalizations of the Fabrykowski-Gupta group, and GGS groups
with non-constant accompanying vector. Important to our proof is that all these
examples satisfy the rigid congruence subgroup property, a weakening of the usual
congruence subgroup property. See §1 for definitions of these groups and their
properties.
Theorem B. Let Γ be a finitely generated, self-similar, regular branch group over
a branching subgroup K in Aut(Tp). Suppose Γ is contained in the Sylow pro-p
subgroup of Aut(Tp) and satisfies the rigid congruence subgroup property. Then
cpk(Γ,Aut(Tp)) = ℵ0 for all k.
Ro¨ver’s theorem [Ro¨v02] on abstract commensurators of branch groups is key to
the proof of the upper bound cpk(Γ,Aut(Tp)) ≤ ℵ0 (see §3).
Commensurability growth is a generalization of subgroup growth to pairs of
groups [LS03]. While the subgroup growth function of a finitely generated group
is always finite, this paper gives the first naturally occurring pairs where the com-
mensurability growth function has infinite values.
Acknowledgements. We are grateful to Benson Farb, Andrew Putman, Ben-
jamin Steinberg, and Slobodan Tanushevski for their conversations and support.
We thank Benson Farb for helpful comments on an earlier draft.
1. Preliminaries
The groups we shall consider will all be subgroups of the group Aut(Td) of
automorphisms of a d-regular rooted tree Td. We will always consider our trees Td
to arise from the following construction. LetX be a finite alphabet with |X | = d ≥ 2
and given a fixed total ordering. The vertex set of the tree TX is the set of finite
sequences overX ; two sequences are connected by an edge when one can be obtained
from the other by right-adjunction of a letter in X . The root is the empty sequence
∅, and the children of v are all vx for x ∈ X . The length of a sequence v is denoted
by |v|. The set Xn ⊂ TX , of all sequences of length n, is called the nth level of the
tree TX .
1.1. Automorphisms. Let g be an automorphism of the rooted tree TX . For a
vertex v ∈ TX , consider the rooted subtrees vTX = {vw | w ∈ TX} and g(v)TX =
{g(v)w | w ∈ TX} with roots v and g(v) respectively. Notice that the map vTX →
g(v)TX , given by vw 7→ g(v)w, is a morphism of rooted trees. Moreover, the
subtrees vTX and g(v)TX are naturally isomorphic to TX . Identifying vTX and
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g(v)TX with TX we get an automorphism g|v : TX → TX uniquely defined by the
condition
g(vw) = g(v)g|v(w)
for all w ∈ TX . We call the automorphism g|v the section of g at v. Observe the
following obvious properties of the sections:
g|v1v2 = g|v1 |v2
(g1 · g2)|v = g1|g2(v) · g2|v.
It follows that the action of the automorphism g ∈ Aut(TX) can be written as
g = (g1, . . . , g|X|)πg, where πg ∈ Sym(X) is the permutation defined by the action
of g on the first level of the tree, and g1, . . . , g|X| ∈ Aut(TX) are the sections of
g at the vertices of the first level of TX . This gives an isomorphism Aut(TX) ∼=
Aut(TX) ≀ Sym(X).
For H ≤ Aut(TX), we write X ⋆ H to indicate the group of automorphisms g
with πg = 1 and gi ∈ H for all 1 ≤ i ≤ |X |. Similarly, let Xn ⋆H indicate the group
of elements g ∈ Aut(TX) with πg|v = 1 for all v on level less than n and g|u ∈ H
for all u on the nth level.
1.2. Self-similar and branch groups. A subgroup G of Aut(TX) is self-similar
if for every g ∈ G and every v ∈ TX the section g|v ∈ G. For example, the full
automorphism group Aut(TX) is itself self-similar.
Let G ≤ Aut(TX) be a group of automorphisms of the rooted tree TX . For a
vertex v ∈ TX the vertex stabilizer is the subgroup consisting of the automorphisms
that fix the sequence v:
stabG(v) = {g ∈ G | g(v) = v}.
The nth level stabilizer (also called the nth principal congruence subgroup) is the
subgroup stabG(n) consisting of the automorphisms that fix all vertices of the nth
level:
stabG(n) = ∩v∈Xn stabG(v).
Stabilizer subgroups stabG(n) with n ≥ 0 are normal in G.
Notice that any g ∈ stabG(n) can be identified in a natural way with the sequence
of sections at vertices in Xn
(g1, . . . , g|X|n)
taken in the lexicographical ordering on Xn. We say that g is of level n if g ∈
stabG(n) \ stabG(n+ 1).
The rigid stabilizer ristG(v) of a vertex v ∈ TX is the subgroup of G of all
automorphisms acting non-trivially only on the vertices of the form vu with u ∈ TX :
ristG(v) = {g ∈ G | g(w) = w for all w /∈ vTX}
The nth level rigid stabilizer
ristG(n) = 〈ristG(v) | v ∈ X
n〉
is the subgroup generated by the union of the rigid stabilizers of the vertices of the
nth level.
We say that a subgroup G ≤ Aut(TX) is level-transitive if G acts transitively on
each level of TX . An automorphism g is level transitive if 〈g〉 is level-transitive. A
level-transitive subgroup G ≤ Aut(TX) is branch if ristG(n) is of finite index in G
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for all n ≥ 1. In this article we will restrict ourselves to the particularly important
type of branch groups introduced by the following definition.
Definition 1.1. A level-transitive group G ≤ Aut(TX) is regular branch if there
exists a finite-index subgroup K of G such that K contains X ⋆ K of finite index.
In this case, K is called a branching subgroup for G. Call G layered if G itself is
a branching subgroup for G.
A subgroup G of Aut(TX) is said to satisfy the congruence subgroup property if
any finite index subgroupH ofG contains a principal congruence subgroup stabG(n)
for some n ≥ 1.
Definition 1.2. A subgroup G of Aut(TX) has the rigid congruence subgroup
property if every level rigid stabilizer of G contains a level stabilizer of G.
1.3. The Sylow pro-p subgroup. Aut(Td) is a profinite group; it is canonically
isomorphic to lim
←−
n≥1
Aut(Td(n)) where Td(n) is the finite subtree of Td consisting of
vertices of level less than or equal to n.
In the case that d = p for a prime p, fix a cyclic permutation σ ∈ Sym(X) of order
p. The Sylow pro-p subgroup Autp(Tp) ≤ Aut(Tp) consists of automorphisms g ∈
Aut(Tp) such that at every vertex v ∈ X
∗ the section g|v acts on X as σ
i for some
0 ≤ i ≤ p−1 (see [Gri00] pages 133-134). For a self-similar group G ≤ Autp(Tp) we
have the containment G ≤ G≀〈σ〉 under the isomorphism Autp(Tp) ∼= Autp(Tp)≀〈σ〉.
If G is layered, there is an inclusion X ⋆ G ≤ G. Since a layered group is level-
transitive, it follows that a self-similar and layered subgroup G ≤ Autp(Tp) satisfies
G ∼= G ≀ 〈σ〉.
1.4. Examples. The following examples are self-similar regular branch groups with
the rigid congruence subgroup property.
The First Grigorchuk group: Let X = {1, 2}. Define automorphisms of TX
inductively by
a = σ, b = (a, c), c = (a, d), and d = (1, b),
where σ is the transposition (1, 2) ∈ Sym(X). The first Grigorchuk group is Γ :=
〈a, b, c, d〉. Clearly, Γ is self-similar. Moreover, it is regular branch [Gri84] over the
subgroup
K = 〈(ab)2, (bada)2, (abad)2〉.
It also has the congruence subgroup property [Gri00, Proposition 10].
The Twisted Twin: Let X = {1, 2}. Define automorphisms of TX inductively
by
a = σ, β = (γ, a), γ = (a, δ), and δ = (1, β).
The Twisted Twin of the Grigorchuk group is G := 〈a, β, γ, δ〉. It is a self-similar
regular branch group [BS10] with branching subgroup
K = 〈〈[a, β], [β, γ], [β, δ], [γ, δ], βδγ〉〉G.
It does not have the congruence subgroup property but does have the rigid congru-
ence subgroup property [BSZ12].
Gupta-Sidki groups: Let X = {1, . . . , p} where p is odd prime. Define automor-
phisms x and y of TX inductively by:
x = σ and y = (x, x−1, 1, . . . , 1, y),
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where σ is the cyclic permutation (1, 2, . . . p) on X . The Gupta-Sidki p-group is
Gp := 〈x, y〉. Clearly, Gp is self-similar. It is regular branch over its commutator
subgroup [GS83, GS84]. Moreover, Gp has the congruence subgroup property (see
[GW14, Proposition 2.6]).
Gupta-Sidki variations: There are various modifications of the Gupta-Sidki
group which are self-similar, regular branch groups having the congruence subgroup
property. Here is an example of such a modification. Let G be the subgroup of
automorphisms on the rooted p-regular tree for p ≥ 7 generated by x = (1, 2, . . . , p)
and y = (xi1 , xi2 , . . . , xip−3, 1, 1, 1, y) for 0 ≤ ij ≤ p − 1 and i1 6= 0. The group G
is regular branch over its commutator subgroup (see [Gri00, Example 10.2]).
Fabrykowski-Gupta group: Let X = {1, 2, 3}. Define automorphisms of TX
inductively by
a = (1, 2, 3) and b = (a, 1, b).
The Fabrykowski-Gupta group is G := 〈a, b〉. Then G is a regular branch group with
the congruence subgroup property (see [BG02, 6.2, 6.4]).
A natural generalization of the Fabrykowski-Gupta group is a group Gp generated
by automorphisms a = (1, 2, . . . , p) and b = (a, 1, . . . , 1, b) of a p-regular tree. For
every prime p ≥ 5, the Fabrykowski-Gupta group Gp is regular branch with the
congruence subgroup property [Gri00, Example 10.1].
EGS groups: Let X = {1, . . . , p} and let ι¯ = (i1, i2, . . . , ip−1) be a non-symmetric
vector of integers between 0 and p − 1, so that ij 6= ip−j for some j. Define
automorphisms of TX inductively by
a = σ, b = (ai1 , ai2 , . . . , aip−1 , b), and c = (c, ai1 , ai2 , . . . , aip−1)
where σ is the permutation (1, 2, . . . , p). The extended Gupta-Sidki (EGS) group is
Γι¯ := 〈a, b, c〉. Pervova constructed the EGS groups as the first examples of branch
groups failing to have the congruence subgroup property [Per07]. It was shown in
[BSZ12] that these groups nevertheless do satisfy the rigid congruence subgroup
property. These groups are clearly self-similar and moreover are regular branch
groups having their commutator subgroup as a branching subgroup [Per07].
2. The adding machine: Proof of Proposition A
The binary adding machine A ≤ Aut(T2) is the infinite cyclic subgroup generated
by τ := (1, τ)σ.
Proposition 2.1. For every natural number k, c2k(A,Aut(T2)) = ℵ1.
Proof. Note that it suffices to show that c2(A,Aut(T2)) ≥ ℵ1, since the cardinal
of the collection of all finitely generated subgroups of Aut(T2) is ℵ1. In Theorem
4.13 from [BS06], it is shown that 〈τ〉 is normalized by elements of the form τxuy
where y is an odd integer, x is a 2-adic integer, and uy := (uy, uyτ
(y−1)/2). Notice
that for any fixed x ∈ Z2, the element τxu−1 has order two and normalizes A, and
hence 〈τxu−1,A〉 contains A as a subgroup of index two. Moreover, since τxu−1
has order two and u−1τu−1 = τ
−1, we have set equalities
〈τxu−1,A〉 = 〈τ
xu−1, τ〉 = {τ
x+nu−1 : n ∈ Z} ⊔ A.
Since canonically, {τx : x ∈ Z2} ∼= Z2, it follows that the cardinality of all such sets
〈τxu−1,A〉 as x varies over Z∗2 is equal to the cardinality of Z
∗
2/Z, which is ℵ1, as
desired. 
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Now, any two level-transitive automorphisms in Aut(Td) are conjugate in Aut(Td)
(see [GNS01] Corollary 4.1). Since A is clearly level-transitive, we get the following
immediate corollary.
Corollary 2.2. Let g ∈ Aut(T2) be a level-transitive automorphism. Then for
every natural number k, c2k(〈g〉,Aut(T2)) = ℵ1.
We now prove the second half of Proposition A. Fix the element δ = (δ, δ)σ and
set H = 〈δ, τ〉. We use the following theorem from [BS06].
Theorem 2.3 (Theorem 4.12 [BS06]). The group H is infinite dihedral. Moreover,
H is its own normalizer in Aut(T2).
Proposition 2.4. The group H satsifies c2(H,Aut(T2)) = 3.
Proof. Notice that if H0 ≤ Aut(T2) contains H with [H0 : H ] = 2, then H⊳H0 and
so H0 is contained in the normalizer of H . Hence, there does not exist a supergroup
H0 containing H as a subgroup of index two. Moreover, since H is infinite dihedral,
there are only three subgroups of H of index two, and so c2(H,Aut(T2) = 3 as
desired. 
3. Branch groups: Proof of Theorem B
Lemma 3.1. Let Γ ≤ Autp(Tp) be self-similar and finitely generated. Then Γ is
not layered.
Proof. Suppose that Γ is layered. We will show that it can not be finitely generated.
Indeed, let Cp be a cyclic group of order p and for each i define a homomorphism
ψi : Γ → Cp by
∏
|v|=i πg|v . Now for each n let Ψn =
∏n
i=0 ψi : Γ →
⊕n
i=0 Cp.
Since Γ is layered, the remarks of §1.3 give an isomorphism Γ ∼= Γ ≀ 〈σ〉 under the
isomorphism Autp(Tp) ∼= Autp(Tp) ≀ 〈σ〉. This implies that Ψn is surjective for each
n. Since the groups
⊕n
i=0 Cp require arbitrarily many generators as n tends to
infinity, the group Γ is not finitely generated. 
We now discuss some consequences of the rigid congruence subgroup property.
For a regular branch group Γ with maximal branching subgroup K, Corollary 1.6
in [BSZ12] says K contains a level rigid stabilizer. Consequently, if Γ has the rigid
congruence subgroup property, K also contains a level stabilizer. In particular,
there exists an m with stabΓ(m) ≤ K.
Lemma 3.2. Let Γ be a self-similar regular branch group with maximal branching
subgroup K and with the rigid congruence subgroup property. Then for all n ≥ 0,
stabΓ(m+ n) = X
n ⋆ stabΓ(m) where m is such that stabΓ(m) ≤ K.
Proof. Let Γ be a self-similar regular branch group with the rigid congruence sub-
group property and let K be the maximal branching subgroup for Γ. Since Γ is
self-similar, stabΓ(m+ n) ≤ Xn ⋆ stabΓ(m) for all m and n.
Now let m be such that stabΓ(m) ≤ K. As K is a branching subgroup, for all
n ≥ 0, Xn ⋆ K ≤ K and so we get the following set of inclusions:
Xn ⋆ stabΓ(m) ≤ X
n ⋆ K ≤ K ≤ Γ
and so Xn ⋆ stabΓ(m) is contained in Γ and stabilizes level (m + n). Thus we
conclude stabΓ(m+ n) = X
n ⋆ stabΓ(m) as desired. 
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Let Qn = {g ∈ Autp(Tp) | g|v = 1 for all v with |v| ≥ n}. Observe that the
group (Xn ⋆ Γ) ∩Qn = {1} and so 〈Xn ⋆ Γ, Qn〉 = (Xn ⋆ Γ)⋊Qn.
Lemma 3.3. Let Γ ∈ Autp(Tp) be a self-similar regular branch group with maximal
branching subgroup K and the rigid congruence subgroup property. Let n ≥ 0. Then
for all sufficiently large k, stabΓ(k) = stab(Xn⋆Γ)⋊Qn(k).
Proof. Note that it suffices to show equality for a fixed k, as the stabilizer of the
k + 1 level is precisely the set of elements in the stabilizer of level k which also
stabilize level k + 1.
Let k = n + m where m is such that stabΓ(m) ≤ K. As Γ is self-similar,
Γ ≤ (Xn ⋆ Γ)⋊Qn and so similarly stabΓ(k) ≤ stab(Xn⋆Γ)⋊Qn(k).
For the other inclusion, note that only the identity element in Qn stabilizes level
n + m and so stab(Xn⋆Γ)⋊Qn(n + m) = stab(Xn⋆Γ)(n + m). Moreover, we have
stab(Xn⋆Γ)(n + m) = X
n ⋆ stabΓ(m), which by Lemma 3.2 is precisely equal to
stabΓ(n+m). 
We now establish an upper bound on the commensurabilty growth. Our proof
uses the abstract and relative commensurators. The relative commensurator of a
subgroup H in a group G is
CommG(H) :=
{
g ∈ G | c(gHg−1, H) <∞
}
.
The abstract commensurator of G is the set of equivalence classes of isomorphisms
φ : H1 → H2 for finite-index subgroups H1, H2 ≤ G, where two isomorphisms are
equivalent if they are both defined and equal on a common finite-index subgroup
of G.
Proposition 3.4. Let Γ be a finitely generated, self-similar, regular branch group
over a branching subgroup K in Aut(Tp). Suppose Γ is contained in the Sylow pro-p
subgroup of Aut(Tp) and satisfies the rigid congruence subgroup property. Then
cpk(Γ,Aut(Tp)) ≤ ℵ0.
Proof. Consider the map Φ : Aut(Tp) → Homeo(∂Tp) that sends an element to its
induced action on the boundary. Note that Φ is injective. If ∆ ≤ Aut(Tp) satisfies
c(Γ,∆) < ∞ then Φ(∆) ≤ CommHomeo(∂Tp)(Γ). Therefore, the map Φ faithfully
maps the collection of subgroups of Aut(Tp) commensurable with Γ into the col-
lection of finitely generated subgroups of CommHomeo(∂Tp)(Γ). Ro¨ver [Ro¨v02] has
shown that CommHomeo(∂Tp)(Γ) is isomorphic to Comm(Γ), the abstract commen-
surator of Γ. Because Γ is finitely generated, Comm(Γ) is countable. Therefore
there are countably many finitely generated subgroups of CommHomeo(∂Tp)(Γ), and
so there are countably many subgroups ∆ ≤ Aut(Tp) commensurable with Γ. 
We finish the proof by supplying the ℵ0 lower bound:
Theorem 3.5. Let Γ be a finitely generated, self-similar, regular branch group
over a branching subgroup K in Aut(Tp). Suppose Γ is contained in the Sylow pro-
p subgroup of Aut(Tp) and satisfies the rigid congruence subgroup property. Then
cpk(Γ,Aut(Tp)) = ℵ0 for all k.
Proof. Fix k ≥ 1. Proposition 3.4 provides an upper bound cpk(Γ,Aut(Tp)) ≤
ℵ0. To prove the lower bound, fix a subgroup H ≤ Γ of index pk−1 containing
stabΓ(N) for some N ∈ N. We will construct infinitely many index p extensions
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of H not contained in Γ. To find these extensions, we will inductively construct
an infinite sequence of pairs (H˜i, ni)
∞
i=1 such that H ≤ H˜i with [H˜i : H ] = p
and H/ stabH(ni−1) = H˜i/ stabH˜i(ni−1), but H/ stabH(ni) 6= H˜i/ stabH˜i(ni). It is
immediate from the latter condition that the H˜i’s are pairwise distinct. In the case
that k = 1, in which H = Γ, this completes the proof. See below for the end of the
argument in the case k ≥ 2.
For the base case of the induction, choose 1 6= γ1 ∈ (X ⋆ Γ) \ Γ. Such a γ1
exists because Γ is finitely generated and thus is not layered by Lemma 3.1. Let
Γ1 = 〈Γ, γ1〉. Then [Γ1 : Γ] = pk1 for some k1 ≥ 1. To see this, let Q1 = 〈σ〉 be as
defined above and recall that Lemma 3.3 gives an inclusion stab(X⋆Γ)⋊Q1(n) ≤ Γ
for sufficiently large n. Therefore there is a chain of subgroups
stab(X⋆Γ)⋊Q1(n) ≤ Γ ≤ Γ1 ≤ (X ⋆ Γ)⋊Q1
and the index of stab(X⋆Γ)⋊Q1(n) in (X ⋆Γ)⋊Q1 is a power of p as (X ⋆Γ)⋊Q1 ≤
Autp(Tp).
Now select H˜1 ≤ Γ1 such that H ≤ H˜1 and [H˜1 : H ] = p where H˜1 = 〈H, h˜1〉 for
some h˜1. Now, since Γ ≤ Γ1 ≤ (X ⋆ Γ) ⋊ Q1, by Lemma 3.3 there exists n1 > N
with stabΓ1(n1) = stabΓ(n1) ≤ Γ, and therefore stabH˜1(n1) ≤ stabΓ(n1). On the
other hand, since stabΓ(N) ≤ H ≤ H˜1, we clearly have stabΓ(n1) ≤ stabH˜1(n1).
Therefore stabH˜1(n1) = stabΓ(n1). Letting πn1 : H˜1 → H˜1/ stabH˜1(n1), we see
that πn1(h˜1) /∈ πn1(H). This completes the base case of the induction.
Now assume for some j, we have built a sequence of pairs (H˜i, ni)
j
i=1 as described
above. Choose 1 6= γj+1 ∈ (Xnj ⋆ Γ) \ Γ. Then, as in the argument in the base
case, Γj+1 = 〈Γ, γj+1〉 contains Γ as a subgroup of index p
kj+1 for some kj+1.
There exists h˜j+1 such that H˜j+1 = 〈h˜j+1, H〉 ≤ Γj+1 contains H as a subgroup
of index p. Clearly, H˜j+1/ stabH˜j+1 (nj) = H/ stabH(nj) as h˜j+1 stabilizes level nj.
Moreover, again as in the argument in the base case, there exists an nj+1 > N such
that stabH˜j+1 (nj+1) = stabΓ(nj+1). Hence, taking
πnj+1 : H˜nj+1 → H˜nj+1/ stabH˜nj+1
(nj+1),
we see that πnj+1(h˜nj+1) /∈ πnj+1 (H) = H/ stabH(nj+1). The induction is complete.
The proof is complete in the case k = 1, so consider now the case k ≥ 2. Each
Hi constructed satisfies either H˜i ∩ Γ = H or H˜i ≤ Γ with [Γ : H˜i] = pk−2.
Since there are finitely many subgroups of Γ of index pk−2 and there are infinitely
many distinct H˜i with [H˜i : H ] = p, we know that there exists an index set S of
cardinality ℵ0 such that H˜i ∩ Γ = H for every i ∈ S. For every i ∈ S, we then
have c(Γ, H˜i) = [Γ : H ][H˜i : H ] = p
k−1p = pk, giving us the desired lower bound
on cpk(Γ,Aut(Tp)). 
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